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1 Overview

This Web Appendix presents tables and figures supplementing those shown in “Nonparametric

inference on the number of equilibria”.

Section 2 displays further Monte Carlo evidence. Figures 1 through 4 show kernel density

plots of Ẑ for the sequences of experiments described in Appendix A.

Section 3 shows empirical results on neighborhood tipping for all MSAs in the sample.

Tables 1 through 6 show confidence sets for Z(g) for all MSAs in the dataset, where g is

estimated by quantile regression of the change in minority share over a decade on the initial

minority share for the quantiles .2, .5 and .8. Regression bandwidth τ is n−.2, σ is chosen as

.04. Confidence sets are based on t-statistics using bootstrapped bias and standard errors.

Tables 7 through 12 show similar confidence sets for Z(g) for all MSAs in the dataset, where

g is estimated by quantile regression of the change in the non-Hispanic, white population over

a decade, divided by initial total population, on the initial minority share for the quantiles

.2,.5 and .8. Regression bandwidth τ is n−.2, σ is chosen as .05 times the maximal change.

Section 4, finally, presents an application of the inference procedure to data on economic

growth.

2 Further Monte Carlo results

3 Empirical results for all MSAs in the sample

∗Department of Economics, University of California - Berkeley, 508-1 Evans Hall 3880 Berkeley, California
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Figure 1: Density of Ẑ in Monte Carlo experiments, normal errors, median
regression
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Figure 2: Density of Ẑ in Monte Carlo experiments, uniform errors, mean re-
gression
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Figure 3: Density of Ẑ in Monte Carlo experiments, normal errors, mean re-
gression
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Figure 4: Density of Ẑ in Monte Carlo experiments, uniform errors, 9th quan-
tile regression
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4 Global dynamics of economic growth

We will now apply the test for multiple roots to data on economic growth. The dataset used is

the same commonly used in the empirical growth literature, see, e.g., Azariadis and Stachurski

(2005), Quah (1996), or Durlauf, Johnson, and Temple (2005). The data are extracted from

the Penn world tables, Heston, Summers, and Aten (2006) and Heston, Summers, and Aten

(2009). The output measures used are real output per worker and real output per capita,

RGDPWOK and RGDPCH. The dataset is restricted to the years after 1960, and to those

countries for which output is available for every year in this time span. The variable Y is

constructed as follows: For every year, output (per worker or per capita) is normalized by its

average over the set of countries in the dataset, logarithmized and then transformed linearly

to have range [0, 1] over the pooled sample. The latter two steps are only for convenience and

leave quantile regressions as well as their number of roots invariant, since they involve only

monotonic transformations.

Figure 5 shows quantile regressions of ∆Y on Y for the deciles 0.2 through 0.8, for output

per capita and output per worker, and for the full time range as well as for only the years

after 1980. Table 13 shows the corresponding confidence sets for the number of roots of these

quantile regressions, as well as the number of unstable roots.

Both the graphs and the confidence sets for the full dataset, starting 1960, seem to suggest

stable dynamics with one equilibrium. If the dataset is restricted to the years after 1980, in

contrast, there does not seem to be convergence of incomes, and indeed there might be multiple

roots at intermediate quantiles. Overall, however, evidence in favor of multiplicity of equilibria

does not seem very strong. This stands in contrast to the bimodal ergodic distribution found

by Quah (1996), which would seem to suggest “poverty trap” dynamics of economic growth.

These results have to be interpreted with great caution, however. First, the data might

well be generated by underlying dynamics which are unstable in a higher dimensional state

space even if dynamics in output alone appear to be stable. Second, exogenous factors might

lead to different outcomes, so that the interesting dynamics are conditional on exogenous

factors. Observability issues aside, these arguments would suggest to study the roots of

quantile regressions of ∆Y on Y as well as X, where Y is a higher dimensional endogenous

vector and X summarizes exogenous factors. In the context of macro-level data this will

soon lead to estimation problems, since we have many regressors but only a limited number

of observations. Put differently, it is hard to find reasonable counterfactuals given a limited

number of countries, an issue in macroeconometrics more generally. It might be interesting

nevertheless to further explore the middle ground of controlling for only a few covariates and

studying qualitative dynamics conditional on these covariates.
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Figure 5: Quantile regressions of growth on income, post 1980
Output per worker
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Notes: These graphs show local linear quantile regressions of ∆Y on Y , where Y is log real
GDP per capita relative to the global average, normalized linearly to lie in the interval [0, 1],
and ∆Y is its annual change. The quantiles shown are the deciles 0.2 through 0.8.
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Table 13: .95 confidence sets for Z(g) and Zu(g), where g is estimated by quantile
regression of growth on income, output per capita

output per worker
1960-2003 1980-2003

quantile Z Zu

quantile Z Zu

0.2 [0,0] [0,0]
0.3 [1,1] [0,0]
0.4 [1,1] [0,0]
0.5 [1,1] [0,0]
0.6 [0,1] [0,0]
0.7 [1,1] [0,0]
0.8 [0,0] [0,0]

quantile Z Zu

0.2 [0,0] [0,0]
0.3 [0,1] [0,0]
0.4 [1,1] [0,0]
0.5 [3,3] [1,1]
0.6 [1,1] [0,0]
0.7 [1,1] [0,0]
0.8 [0,1] [0,0]

output per capita
1960-2007 1980-2007

quantile Z Zu

0.2 [0,0] [0,0]
0.3 [1,1] [0,0]
0.4 [0,1] [0,0]
0.5 [2,2] [0,0]
0.6 [0,1] [0,0]
0.7 [0,1] [0,0]
0.8 [0,0] [0,0]

quantile Z Zu

0.2 [0,0] [0,0]
0.3 [1,1] [0,0]
0.4 [0,1] [0,0]
0.5 [1,2] [0,0]
0.6 [2,2] [0,1]
0.7 [1,1] [0,0]
0.8 [0,0] [0,0]

Notes: The table shows confidence intervals in the integers for Z(g) and Zu(g), where g is estimated by
quantile regression of ∆Y on Y . Y is log real GDP per worker (or per capita) relative to the global average
and ∆Y is its annual change. The bandwidth parameters are chosen as ρ = 0.01 and τ = 0.18.
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